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2 = 0 ( 1)
其中 c = E/ p 为桩身材料的纵波波速( m/ s) .
图 1 桩基有限自由度模型










M{ ( t ) } + C{ u
.
( t ) } + K{ u( t ) } = { 0} ( 2)
对于完整的桩基而言, 有:
k1 = k 2 = = kn- 1 = kn = k ,
M1 = M2 = = Mn- 1 = Mn = M,
C1 = C2 = = Cn- 1 = Cn = C ( 3)
2 桩基振动参数对缺陷的敏感度分
析
用下述方法定义敏感度: 函数 y = y ( x 1, x 2, ,
xl ) 对 x i 的敏感度
[ 4] 为:




 y / y








动系统中.其中,函数 y ( x ) 可以具体为桩基的频率
!r、振型 ∀r、频响函数 H 或频域响应{ U} ,而自变量
x 则是刚度矩阵中的某个元素.




M+ K) { #r} = 0 ( 5)
采用 规 范 化 振 型 { #j }
T
M{ #i } = ∃ij 及
{ #j }
T
K{ #j } = !
2
































{ #r } ) ( 7)




率 !r 对 kij 的敏感度为:






{ #r } ( 8)
2. 2 振型对 kij 的敏感度
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= 0 ( 9)
考虑{ #s }
T


















{ #s } ( k ∀ s )
0 ( k = s)
( 10)
故:






2. 3 频响函数对 k ij 的敏感度
若系统阻抗阵 Z= s
2
M+ s C+ K ,其各元素与
参数 p j 呈线性关系, 则当
Z
pj









= (- 1)HE ( 12)
其中 H = Z- 1.
将 kij 代替pj 代入上式可得:
H rs
kij
= - H r iH js ( 13)
(H rs | kij ) = - H riH jskij / H rs ( 14)
2. 4 频域响应对 k ij 的敏感度
若{ F } 为外力向量的拉氏变换, 其频域响应可















{ U} ( 15)
将 kij 代替pj 带入上式可得 :
{ U}
kij
= - H riUj ( 16)
故:
( Ur | kij ) = - UjH rikij / Ur ( 17)
2. 5 桩基动力参数对 k ij 的敏感度分析
对于桩基, 由式( 3) 可知, 在刚度矩阵 K 中, 刚
度元素是各分散刚度 ki ( i = 1, 2, , n) 的线性组
合,即:
k11 = k 1 + k 2 = 2k ,
k12 = k 21 = - k1 = - k, k 22 = 2k,
k32 = k 23 = - k , , knn = k.







( !r | ki ) = { #r }
T






( !r | ki ) = { #r }
T







( !r | ki ) > 0且
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表 3 前 3 阶振型随刚度改变后的数值












k 1 #1 0. 164 0. 308 0. 446 0. 573 0. 688 0. 788 0. 871 0. 935 0. 978 1. 000
减
少
#2 - 0. 484 - 0. 825 - 1. 000 - 0. 993 - 0. 785 - 0. 426 0. 016 0. 455 0. 806 1. 000
10% #3 - 0. 727 - 1. 000 - 0. 743 - 0. 104 0. 595 0. 982 0. 854 0. 278 - 0. 443 - 0. 932
k 2 #1 0. 147 0. 308 0. 445 0. 573 0. 688 0. 788 0. 871 0. 935 0. 978 1. 000
减
少
#2 - 0. 431 - 0. 817 - 1. 000 - 0. 985 - 0. 791 - 0. 433 0. 010 0. 452 0. 805 1. 000
10% #3 - 0. 658 - 1. 000 - 0. 776 - 0. 140 0. 571 0. 978 0. 865 0. 292 - 0. 437 - 0. 933
表 1 桩基固有频率 !及振型 #












1 2. 99 0. 15 0. 29 0. 44 0. 57 0. 68 0. 78 0. 87 0. 93 0. 97 1. 00
2 8. 90 - 0. 44 - 0. 80 - 1. 00 - 1. 00 - 0. 80 - 0. 44 0. 00 0. 44 0. 80 1. 00
3 14. 61 - 0. 68 - 1. 00 - 0. 78 - 0. 15 0. 57 0. 98 0. 87 0. 30 - 0. 44 - 0. 93
4 20. 00 - 1. 00 - 1. 00 0. 00 1. 00 1. 00 0. 00 - 1. 00 - 1. 00 0. 00 1. 00
5 24. 94 - 1. 00 - 0. 44 0. 80 0. 80 - 0. 44 - 1. 00 0. 00 1. 00 0. 44 - 0. 80
6 29. 32 - 1. 00 0. 15 0. 98 - 0. 30 - 0. 80 0. 44 0. 89 - 0. 57 - 0. 78 0. 68
7 33. 05 0. 93 - 0. 68 - 0. 44 1. 00 - 0. 30 - 0. 78 0. 87 0. 15 - 0. 98 0. 57
8 36. 04 - 0. 78 1. 00 - 0. 44 - 0. 44 1. 00 - 0. 80 0. 00 0. 80 - 1. 00 0. 44
9 38. 22 - 0. 57 0. 87 - 0. 98 0. 68 - 0. 15 - 0. 44 0. 87 - 1. 00 0. 78 - 0. 30
10 39. 55 - 0. 30 0. 57 - 0. 78 0. 93 - 1. 00 0. 98 - 0. 87 0. 68 - 0. 44 0. 15













{ #s } ( k ∀ s )
0 ( k = s )






(H rs | ki ) = - H r iH iski / H rs
( Ur | ki ) = - UjH riki / Ur ( 21)
式( 21) 是桩基的动力参数元素 !r、#rs、H rs 及Ur







k1 = k 2 = k 10 = 400 kN/ m
质量为: M1 = M2 = M 10 = 1 000 kg,
阻尼为: c1 = c2 = c10 = 100 N  s/m.
可用子空间迭代法求得桩基的 10个固有频率
及振型如表 1所示:
为了方便比较,将离散刚度 ki ( i = 1, 2, 3 ) 分
别改变 10% ,即某个 ki变化 10% ,其它 kj ( j ∀ i ) 保
持不变,分别计算得到改变后的固有频率和振型,为
节省篇幅,这里仅列出当 k 1, k 2 改变时, 前 3阶的固
有频率与振型的值,如表 2、3所示.
表 2 前 3阶固有频率随刚度改变后的数值
T ab. 2 The values of the former three frequency to
the chang e of the stiffness
!i !1 !2 !3
k 1减少 10% 2. 95 8. 81 14. 48
k 2减少 10% 2. 96 8. 84 14. 58
利用式( 21) 可计算得桩顶部频响函数对刚度 k1 改
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变的敏感度:
( H 11 | k1) = - H 11 k1,
取模,有
| ( H 11 | k1) | = H 11 k1,
与 !的关系曲线如图2所示.
由表2、3和图2可以看出,固有频率在刚度系数





The Sensitivity Analysis of Vibration Parameters on Pile
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Abstract: In this paper, the pile is simplified to a discrete MDOF system, and the longitudinal vibration parameters on
pile are analyzed. The sensitivity of the vibration parameters due to the change of the stiffness is deducted mathemat ical
ly. These parameters include the frequency, the model, the frequency response function and the response in frequency
f ield. As a result , the sensitivity of the frequency due to the change of the st iffness is very low and that of the model is
also low except on the node; the sensitivities of the frequency response function and the response in the frequency field on
the change of the stiffness are strong. An example is worked out and the results indicate that the conclusion is accurate
and the two parameters can be used to diagnose the default on the pile.

















Fig . 2 The sensitivity of the frequency response function to
the change of the stiffness
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